
NOTATION 

R2, radius of outer sphere; P~, radius of inner sphere; v, velocity of solution; v, kinematic viscos- 
ity; g, acceleration; Co, ion concentration; D, diffusion coefficient; p, solution density; n, unit normal vector; 
13 = p - l O p / a c .  
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TEMPERATURE FIELD OF A PLATE WITH INTERNAL 

TEMPERATURE-DEPENDENT HEAT SOURCE 

N. I. Gamayunov and A. V. Klinger UDC 536.2:517.9 

The p rob lem of a s y m m e t r i c  heating of a plate  is  cons idered  in a medium with va r i ab le  t e m p e r a -  
ture  in the p re sence  of an internal  heat source ,  the power of which is dependent on t e m p e r a t u r e  
and t ime.  

In many  engineer ing p rob l ems  r e l a t ed  to calculat ion of h e a t - t r a n s f e r  p r o c e s s e s ,  it becomes  n e c e s s a r y  
to analyze the effect  on the t e m p e r a t u r e  field of the body under study of internal  heat sources ,  usual ly those 
produced by exothermal  chemical  r eac t ions .  In calculat ions the power of such heat sources  is usual ly  taken 
as constant,  or its dependence on t ime  and coordinate  is specif ied in the fo rm of cer ta in  known functions which 
make poss ib le  use of exist ing solutions of the t he rma l  conductivity equation for  calculat ion of the t e m p e r a t u r e  
field [1]. However ,  in the ma jo r i ty  of r e a l  p r o c e s s e s ,  the in ternal  beat  source  power is significantly dependent 
on t e m p e r a t u r e .  Thus,  in hardening of a number  of s t ruc tu ra l  m a t e r i a l s ,  hydrat ion of va r ious  cement  sub-  
s tances  takes  place,  accompanied  by heat  l ibera t ion .  With i nc r ea se  in t e m p e r a t u r e  the intensi ty of the hydrat ion 
reac t ion  i n c r e a s e s ,  so that heat l ibera t ion also i n c r e a s e s .  With the pas sage  of t ime  the initial r eagen t  concen-  
t r a t ions  dec rea se ,  leading to a slowage of the reac t ion  and heat  l ibera t ion .  A detailed analys is  of heat l i b e r a -  
tion in hardening concre te  was p e r f o r m e d  in [2]. The analys is  r e v e a l s  that  the t e m p e r a t u r e - t i m e  dependence 
of the quantity of heat  Qe, l ibe ra ted  upon hardening 1 kg of cement ,  can be wri t ten in the fo rm Qe = f*(~)t. The 
power of the internal  heat source  is p ropor t iona l  to the der iva t ive  

OO e _ Of* (,~) t + p (~) O--L 
0"~ O~ Of 

With considerat ion of this fact ,  the d i f ferent ia l  equation for heat  t r a n s f e r  for the plate has the fo rm 

at a~t Jr of(Y) t, (1) 
[1 - -  f (~)1 a~ = a ax---- ~ - a ~  

where [(z) =M___if, (~) ; M is  the quantity of cement  in 1 m 3 of the concre te  mix ture .  In [2] solutions of Eq. (1) 
c7 

were  obtained for a number  of special  cases .  Below a m o r e  general  solution will be a t tempted.  

Locat ing the or igin of the coordinate  s y s t e m  at the center  of the plate,  we wri te  the initial boundary con-  
ditions of the p rob lem in the fo rm 

t (x ,  o) = to, (2) 

[( 1)~; ~ Ot cz~t]l = ~zdm,(z), 
+ jl~=x~ (3) 

Trans la ted  f rom Inzhenerno-F iz ichesk i i  Zhurnal ,  Vol. 41, No. 5, pp. 901-905, November ,  1981. Original  
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where  X i = ( -1 )JR is the coord ina te  of the i - th  su r f ace  of the plate  (i = 1, 2); tin(T) is the t ime dependence of  
the m e d i u m ' s  t e m p e r a t u r e .  

To solve Eq. (1) we in t roduce  a finite i n t eg ra l  t r a n s f o r m  ove r  coord ina te  of  the f o r m  

R 

- _ _  t I G 1 K , g (x) N (x) dx, (4) 

--R 

where  G is a t r a n s f o r m  of the function g(x); N(x), an e igenfunct ion  of the S t u r m - L i o u v i l l e  p rob l em [3]; and K, 
a n o r m a l i z i n g  f ac to r .  

Solving the S t u r m - L i o u v i l l e  equat ion for  the plate  

N" -}- p2N = 0 

with homogeneous  boundary  condi t ions  

[(--1)lN'~ + ~ziN]l~=xl = 0 (i = 1, 2), 

we find the e igenfunct ion in the f o r m  

2 

N~ (x) = ~ a i (~p,~ cos P~i + a3-1 sin p,~i), 
i = l  

where  ~i - -R+(--1)~x;  9n is a r o o t  of  the c h a r a c t e r i s t i c  equat ion 

/.p (a, + ao.) cos 2OR = (~p~ ~ ~,a~) sin 29R. 

In teg ra t ing  the squa re  of  the e igen f r equeney  ove r  coord ina te  f r o m  one su r f ace  of  the plate  to the o the r ,  we 
d e t e r m i n e  the n o r m a l i z i n g  fac to r  

[)~p~ (a, + ~2) sin 2~ + 2a~a2 (i -- cos 2~n)], K. 

where 

1 u,a:) Sin 2 2~t.) ~ = p ~ R ;  D~=(p~sin2~t~) /(~p,~t,~(a,+a2)+.-~--(;~2p~+ 

Applying the integral transform (4) to Eqs. (I), (2), to find the transform of the temperature Tn(~) we 
obtain the ordinary differential equation 

dT. }_ T,~ [ap~ d f ( ' c ) ] _  ap,~D,~ /m(r  ) 
d'~ ' 1 -- ' f  (.) [ J d ~  1 --- / (*) 

with initial condition 

to, 
9~ 

the solut ion of which has the f o r m  

D ~ .  (~) {to[l -- f(0)] + H~(~)}, 
T. = on [i - -  } 

where 

~,~ (T) - -  e x p  - -  ap~  1 - -  f (~}) ' ~ (0) dO. 

0 0 

Using the r e d u c t i o n  f o r m u l a  o f  [3], we wr i te  the final solut ion in the f o r m  of  a s e r i e s  
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t (x, z) = ~.~ T~ (*) N.  (x) 
.=~ (5) 

The f o r m  of the funct ion f(~-) depends  on the c o n c r e t e  condi t ions  under  which the hydra t ion  r e a c t i o n  
o c c u r s .  In [2], in pa r t i c u l a r ,  the funct ion 

(~) = m [ 1 - -  exp (--  hx)] (6) 

was p roposed ,  where  m and h a re  cons tan t s .  In this  ca se  the  funct ion Tn(~-) t akes  on the f o r m  

where  

T .  (~) -- D~exp(h~) {to+apn2 i tm(O)t(o(O)lP~dO} 
P n  [60 ( ~ ) ]  p r t + l  �9 ' 

0 

( x ) = m W ( 1 - - m ) e x p ( h ~ ) ;  P n =  h ( 1 - - m )  " 

[21 

In the f i r s t  10-12 h of  the  hydra t ion  p r o c e s s  the funct ion f(~-) can be app rox ima ted  by a l inear  e x p r e s s i o n  

f (~) = k~. (7) 

Thus,  for  the init ial  s t age  o f  the p r o c e s s ,  we obtain 

0 

where  q, = ao~/k . 

We will i l l u s t r a t e  the p r a c t i c a l  use  of the r e s u l t s  obta ined  with the example  of h i g h - t e m p e r a t u r e  t h e r m a l  
p r o c e s s i n g  of  a pa r t  made  of  l ight  c o n c r e t e .  Fo r  this  p r o c e s s ,  s h o r t - t e r m  heat ing  r e g i m e s  a r e  c h a r a c t e r i s t i c ,  
pe rmi t t i ng  use  of Eq. (7) in the  ca lcu la t ions .  

In the f i r s t  s tage  of  the t h e r m a l  p r o c e s s i n g  (T -< "5) the  t e m p e r a t u r e  of the med ium changes  l i nea r ly  with 
t ime  tmt(~') = t o + b~-. Subst i tut ing tMs  e x p r e s s i o n  in Eq~ (8), we obtain 

T~ (z)],<** = P~@~ (z), (9) 

where  

O,~ (*) = t m d ' O - -  s .  (t - -  k,) + ( s .  - -  

p . 
1l ~ ~ S n ~  

to )(1 - -  k~)*"-l; 
qu, 

D,,q~ b 
~.(q~-- 1) k (q . - -  2) 

In the second  s tage  of  the  p r o c e s s  (~- > T1) the t e m p e r a t u r e  of  the m e d i u m  tin2 r e m a i n s  cons tant ,  equal  to 
t o + b~- 1. In this  c a s e  Eq. (8) t akes  on the f o r m  

( l--kT Tn(~)l~>T = p .  {tml+ [O.(~,)__trml \ ~ ) ' . - l }  . (10) 

If  in Eqs .  (9), (10) we se t  k = 0 (absence  of  an in te rna l  heat  source) ,  a f t e r  subst i tu t ion in Eq. (5) we obtain 
solut ions  ident ical  to those  of  [4]. 

P la t e  t e m p e r a t u r e  f ie lds  w e r e  ca lcu la ted  by a c o m p u t e r  with Eq.  (5) with the aid of Eqs .  (9), (10). The 
t h e r m o p h y s i c a l  p r o p e r t i e s  of the m a t e r i a l  were  d e t e r m i n e d  f r o m  expe r imen ta l  da ta  by the method  d e s c r i b e d  
in [5], and were  taken as  follows: a = 2 . 5 . 1 0  -3 m2/h;  at/X = 20 m - l ;  o~2/~. = 30 m -1. The value  of  the coef f ic ien t  
k = 0.04 h -1 w a s  chosen  f r o m  the r e c o m m e n d a t i o n s  of [2]. The t ime dependence  of the mediumTs t e m p e r a t u r e  
is shown in F ig .  1, which shows r e s u l t s  of  ca lcu la t ions  with and without  cons ide ra t ion  of the in terna l  heat  s o u r c e .  
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Fig. 1. Tempera tu re  t (~ of medium (1), center (2, 2') ,  and sur faces  
(3, 3' ,  4, 4') of plate vs time~-(h) with (2, 3, 4) and without (2', 3 ' ,  4') 
considerat ion of internal heat source:  a) R = 0.1 m; b) R = 0.2 m. 

It is evident f rom compar ison of Fig.  l a  and b that the heat of the exothermal  react ion has a l a rge r  effect on the 
t empera tu re  of the central  layer  s of the plate, while with one and the same heating reg ime  for a plate of l a rge r  
thickness the change of the t empera tu re  field under the action of the internal heat source  is more  significant. 

The solutions obtained can be used for theoret ical  analysis  of the effect of heating reg ime  pa rame te r s  
on internal hea t - t r ans fe r  p roces se s  in bodies in which exothermal  reac t ions  occur ,  in par t icular ,  in hardening 
concrete .  The method proposed permi t s  selection of optimal thermal  p rocess ing  of concrete  slabs.  

N O T A T I O N  

thermal  conductivity and diffusivity coefficients;  
i- th surface of plate (i = 1, 2); R, geometr ica l  

x, coordinate;  ~-, t ime; t, t empera ture ;  k and a = k/c~,  
c, specific heat; 7, density; ~i, heat l iberation coefficient at 
dimension (half of plate thickness).  
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